Simplifying Coefficients in a Family of Ordinary Differential Equations Related to the Generating Function of the Laguerre Polynomials by Qi, Feng
Applications and Applied Mathematics: An International 
Journal (AAM) 
Volume 13 Issue 2 Article 9 
12-2018 
Simplifying Coefficients in a Family of Ordinary Differential 
Equations Related to the Generating Function of the Laguerre 
Polynomials 
Feng Qi 
Tianjin Polytechnic University 
Follow this and additional works at: https://digitalcommons.pvamu.edu/aam 
 Part of the Discrete Mathematics and Combinatorics Commons, Harmonic Analysis and 
Representation Commons, Number Theory Commons, and the Ordinary Differential Equations and 
Applied Dynamics Commons 
Recommended Citation 
Qi, Feng (2018). Simplifying Coefficients in a Family of Ordinary Differential Equations Related to the 
Generating Function of the Laguerre Polynomials, Applications and Applied Mathematics: An International 
Journal (AAM), Vol. 13, Iss. 2, Article 9. 
Available at: https://digitalcommons.pvamu.edu/aam/vol13/iss2/9 
This Article is brought to you for free and open access by Digital Commons @PVAMU. It has been accepted for 
inclusion in Applications and Applied Mathematics: An International Journal (AAM) by an authorized editor of 









Vol. 13, Issue 2 (December 2018), pp. 750 – 755
Simplifying Coefficients in a Family of Ordinary
Differential Equations Related to the Generating













Received: June 10, 2018; Accepted: September 27, 2018
Abstract
In the paper, by virtue of the Faà di Bruno formula, properties of the Bell polynomials of the second
kind, and the Lah inversion formula, the author simplifies coefficients in a family of ordinary
differential equations related to the generating function of the Laguerre polynomials.
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1. Introduction
In (Kim et al., 2016, Theorem 1), it was established inductively and recursively that the family of
differential equations
















where a0(n, x) = n!, an(n, x) = (−x)n,



















x(x− 1) · · · (x− n+ 1), n ≥ 1,
1, n = 0,














Hereafter, the expression (3) was employed in (Kim et al., 2016, Theorem 2).
It is not difficult to see that
(1) the expression (3) is too complicated to be remembered, understood, and computed easily;
(2) the original proof of (Kim et al., 2016, Theorem 1) is long and tedious.
In this paper, we will provide a nice and standard proof for (Kim et al., 2016, Theorem 1) and,
more importantly, discover a simple, meaningful, and significant form for ai(n, x).
2. Main results
Our main results can be stated as the following theorem.
Theorem 2.1.












































= 0 if k ≥ 0.
Proof:
The famous Faà di Bruno formula reads that
dn
d tn





h′(t), h′′(t), . . . , h(n−k+1)(t)
)
, (6)
where n ≥ 0 and the Bell polynomials of the second kind Bn,k(x1, x2, . . . , xn−k+1) for n ≥ k ≥ 0
are defined (Comtet, 1974, p. 134, Theorem A) and (Comtet, 1974, p. 139, Theorem C) by



























Applying u = h(t) = x1−t and f(u) =
u



















, . . . ,

































































2x2, . . . , ab
n−k+1xn−k+1
)
= akbnBn,k(x1, x2, . . . , xn−k+1),
and








in (Comtet, 1974, p. 135) and (Qi, 2016, Remark 3.5). The formula (4) is thus proved.
The Lah inversion theorem in (Aigner, 1979, p. 96, Corollary 3.38 (iii)) and (Aigner, 2007, pp. 60–
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which can be rewritten as (5). The proof of Theorem 2.1 is complete. 
3. Remarks
Finally, we list several remarks on our main results and closely related things.
Remark.
The equations (4) and (5) can be regarded as inversion formulas each other.
Remark.
The equation (5) is a new one which cannot be obtained inductively and recursively, as was in Kim
et al. (2016).
Remark.















































































































The equation (1) can be reformulated as





, n ∈ N. (9)
Remark.
The motivations in the papers Qi (2018a,b,c), Qi and Guo (2018, 2017), Qi et al. (2019a, 2018a,
2019b, 2018b,c), Qi and Zhao (2018), Zhao et al. (2018) are same as the one in this paper.
Remark.
This paper is a slightly modified version of the preprint Qi (2017).
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Comparing two equalities (8) and (9) reveals that








for n ≥ k ≥ 0. This form for ak(n, x) is apparently simpler, more meaningful, and more significant
than the one (3) obtained in (Kim et al., 2016, Theorem 1).
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